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Exact solutions are obtained for certain problems of the unsteady flow of an incompressible viscous fluid in the case of velocity
distributions for which the Navier-Stokes equations become linear. Unlike previous solutions of these problems, more general
boundary conditions and flow non-uniformity are taken into account. The smoothing of a velocity discontinuity and vorticity
propagation in three dimensions is considered as well as fluid flow over an infinite plate, in an infinite two-sided corner and
between parallel plates. © 1998 Elsevier Science Ltd. All rights reserved.

1. SMOOTHING OF A VELOCITY DISCONTINUITY
AND VORTICITY PROPAGATION

In the rectangular Cartesian system of coordinates Oxxax;, the velocity components in the three directions are
taken to be of the form

up =y (x3,t), Uy =uy(xs,t), Usg = const
The incompressibility condition is then satisfied identically, and the Navier-Stokes equations take the form

gy Wy 13

+ ) k=1’2; ,V= t 1‘1
o 30 dox3  pox ox3 p.v=cons (1)

For the motion of a fluid which occupies the whole space, the initial velocity distributions are assumed known
uk(X3,O)=(pk(x3), k=12 (12)

The pressure in the whole space is taken to be constant (8§p/éx, = 0,k = 1, 2).

Together with the fixed system of coordinates Oxyx,x3, we introduce a moving system O°%5x5x% for which x} =
X1, X3 = X3, X3 = X3 — Usgt, t° = t. In the new variables, the equations contain no terms of the form of the second
terms of the left-hand side of (1.1). Solving Cauchy’s problem [1] for these equations, which are autonomous, with
initial conditions u(x3, 0) = @,(x3) and reverting to the original variables, we obtain the solution of problem (1.1),
(1.2)

uk(x3,t)= I G(x3—u30t,§,t)<pk(§)dl';, k=12
(13)

21/1wt e vt

For ¢ > 0 Poisson’s integral (1.3) represents a bounded solution of the equation for any bounded function | ¢(£) |
< M which, when ¢ = 0, continuously adjoins @(x3) at all points of continuity of that function; the function ¢(x;)
can have a finite number of points of discontinuity of the first kind.

Suppose the initial velocities have constant but different values for x; > 0 andx; < 0

- 2
G(X3“—u3ol,€,t)= ! ('xé ?Ot é) }

Uk’ x3>0
0= =1y g k=12

In that case formulae (1.3) become [1]
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wp (x3,6) = [Uy + Vy +(Uy = Vi )PV 2, k=12
(1.4)

2t 2 X3 —u3gt
()=~ -o“)do, z=
@)= (J; exp(-a")da, 7=

For the solutions obtained in [2, 3] the plane x; = 0 was a surface of discontinuity of the velocity in one direction
(#; = 0). In contrast, formulae (1.4) give a solution for the smoothing of a velocity discontinuity in a flow with
known constant velocity u; = usg in which, initially, the angle between the two uniform flows is, generally speaking,
different from 0 and =, that is, the problem is non-planar.

We shall now assume that

Uy = Uyg = CONSt, U3 =l =const, u; = uy(xy,%3,8)

Then the incompressibility condition is satisfied identically, and the Navier-Stokes equations give

duy oy . ou _ 19p +v(a2u, +a2ul) (1.5)

ot “2°a_x'2' "30;;= p dx; ox3 Bx32

For a fluid which occupies the whole space, we shall assume that the pressure is constant over the whole space
and the initial velocity distribution is known

23] (X2,x3,0) = C(xz ,x3) (16)

By analogy with (1.3) we find the solution of problem (1.5), (.6)

u(x2.x3.0= [ [ Glxy ~ 1ot x3 ~u301,1,62,83)8(82.§3)d6 2053 a7

(2 =82)% + (33 ~E3)*
4vt

1
G i) ’t’ ¥ =
(¥2,¥3:1,€2,€3) oo CXP[

Let

_ U, (XZ,X:;)GQ:(OSXZ < oo, 0$X3 < o0}
C(Xz'x3)— 0, V(xz,x3)§Q

After some reduction, instead of (1.7) we obtain

U Xp ~ ot X3 — 3ol
u,(xz,)g,t)— 4[]+¢( 2-\/;7 )][]-FQ[W)]

This is a solution of the smoothing problem in a flow with velocity components 1y = g, u3 = usp where a uniform
flow which occupies an infinite two-sided corner is in contact with a fluid at rest.

For the vorticity propagation problem, we shall assume that the projections of the velocity onto the axes of
cylindrical coordinates r 9, z at the initial time have the following values

u, = a;cos0+ay sin®, ug =a(r)—a,sinb+aycosd, u, =p(r)+a;

where a,, a,, a; = const.
In this case the vorticity distribution at the initial time is given by the formulae

1 d(ro(r))
rotu={Q,,Q4.Q,}, Q,=0, Qg = —%’i—, Q, =————==0r)

On the basis of the form of the initial conditions, we shall assume that u, = u,(x;,x,7) (k = 1,2, 3), and represent
the velocities in the form uy = ui(xy, X2, £) vi(x1, X5, £) + g (k = 1, 2, 3). We introduce a moving system of coordinates
O°’xix3x; for which x§ = xy — a4¢, x3 = x; — ayt, X3 = x5, ¢° = ¢. Then, changing to cylindrical coordinates 7°, 6°, 2° in
this moving system of coordinates, we find that the equations for v,» = v,» (*, £°) and Q;- = (2°) d(Pve(r, £°))/or°
are autonomous and of the same form. Moreover, the equation for z° is similar to the equation for the analogous
vorticity component in the case of the vorticity diffusion in a medium at rest. Thus, using the known solution [2],
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o2 2 ]
1 r s sr
Q. ('’ )y=——exp| - w(s)exp| ~—— M, sds
2 2vs® p[ 4ve® '{, © p( 4vr°) O[ZW")

and a similar expression for v, (r°, °) (with ©(s) replaced by B(s)), where J; is a zero-order Bessel function of the
first kind.
Writing the solution as the projection of the velocity onto the axes of cylindrical coordinates, we obtain

we have

u,(r,0,0) =V (r°.1°)sin(0-0°)+a) cos0+a, sin®

(1.8)
ue(r,(),t)=u60 (r°,¢°)cos(0—-0°)—a, sinB +a, cosO
“z("’eyt) =UZ° (rovt°)+a3
% in@—ant°
r =[r2 —2r1"(a) cos0+a, sinB)+ (af +a§)r°2] , 1go° = 15in0-apr
rcos@—ayt°
1 r
Voo Y=—f Q. (", )dr’, t° =t
ro z
The vorticity distribution is found from the formulae
ou o(rug) Oou
[9] EO,Q =————{-, =— AR 9%y
" @ ar 2, r[ or 20 (1.9)

Thus, whereas the solution obtained in [2] was for the plane problem of vorticity diffusion in a medium at rest
(a1, as,a3 =0, B(r) = 0, formulae (1.8) and (1.9) give the solution of the problem of vorticity propagation in drifting
flow.

2. THE FLUID MOTION OF A LIQUID OVER A PLATE

‘We will now consider the flow over an infinite plane surface x; = 0: it is required to find a solution of Eq. (1.1)
(u39 = 0) in the region 0 < x3 < o, 0 < ¢ which satisfies the conditions
U (23,00 =@ (x3), k=12, 0<x3<e0
“k(O,!)’-'Hk (’)v uk(”it) = Uk(‘)» k= 1,2, 0=t
This is a more general problem than the plane problem {3, 4], in which the plane boundary is suddenly put into
motion in a fluid at rest, or a plane wall performs rectilinear harmonic oscillations in its own plane in a fluid at
rest. In this case allowance is made for arbitrary initial conditions, the motion of the wall and the “free-stream
velocity” far from the wall, when the angle between the “free-stream velocity” and the wall velocity is possibly
different from O or =, so that the problem is non-planar.
The solution can be represented in the form
i (x3,0) =V (x3,0) + Ug (1) ~ Up (0), v (x3,8) =0 41 (x3,0) +v 5 (x3,1)

9G(x3,0,1 - 1)
g

sl 5 o 222

@)= O+ U @)= Uy ), -2 = ; aaf k=1,
k

Y (x3,0) = Ig(xa»é N ), v (x3,0) = 2VI o, (1)t

Suppose that the plate is not only moving in its own plane at a velocity {p(r), 12(£)}, but also in a perpendicular
direction with constant velocity u3. The boundary conditions will then be
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ék(umt,t)= We(r), k=1,2,0=¢

In a moving system of coordinates, the problem reduces to the previous one. Therefore, one solution is given
by the above relations, with x; — u3yf instead of x;.

The functions Vy;(x3, ), which allow for the motion of the wall, are defined for any bounded piecewise-continuous
functions o(f) [1]. It is thus possible to model the various flows caused, in particular, by the wall that starts to
move or stops abruptly. Suppose, for example, that the plane wall, previously at rest, suddenly starts to move
in its own plane at a constant velocity j, in the direction of the Ox; axis. At a time ¢ = ¢, the wall suddenly
stops, and at a time ¢ = 1,, t, > 1y, it suddenly starts to move in its own plane at a constant velocity Y, in the Ox,
direction.

In this case, the boundary conditions have the form

U (x3,0)=0, 4p(e0,1)=0, k=12
0, t<0

u(0,0)={p; =const, O<t=<y; 0,0)=
! ! i 1.0 {p.2=const, f <ty <t

0, 4y <t

Only the functions v, appear in the solution. Up to time ¢ = ¢t,, the flow is plane; for ¢ > ¢, the flow is three-
dimensional, owing to the motion of the wall in the Ox direction and the Ox, direction

W {1-®(2)), O<r=g

“l(xSvt)={uI[¢(z( ,1..[] /t)_l)—q’(Z)]’ h<t

uy(x3,0) = u2[1 —D(z(1-1/1)7} )], t, <t, z=x3(/ve)”!

For flow over a permeable plate, when there is a fluid suction at a constant rate u,g, the solution can be represented
in the form

uk(x3,t)=v“(x3,t)+uk2(x3.t)+Uk(t)—Uk(O), k= 1,2

2 Yo
Vg (x3:8) = exp(—%tl{ 8(x3,§,f)¢k(§)exp{£2%'(x3 '§)]d§
Via(x3,0) = j X exp| -

2rg vt -0P av(t-1)
X1 (D + U (0) - Uy ()lde

Uz =g

[x3 —usp(t =) J N

We will consider another problem of the fluid flow over a permeable plate which moves in its own plane.
Suppose there is a fluid suction at a constant rate u3). For u; we have Eq. (1.5) (45 = 0). The boundary conditions
are

1 (x2,x3,0) ={(x3,x3), ~o0<xy <00, 0= x3 <00
4 (x2,0,0) = (1), 0=1; 4y (xp,00,0)=U(t), Ot
Using the variables
‘
v=y+ { f(6)dt, w=uv exp(—ox; —Br)
where f(f) = p~'ap/ax;, & = u3y/(2v), B = -uly/(4v) and continuing {(x;, x3) as an odd function of the variable x5

in the region —= < x5 < 0, we obtain the solution

u (XZ,x:;,f)=~‘UI(X2,x3,l)+U2(X3,f)+U(t)-U(O)

2
”I(vath’):exP["%‘)j I G(xzr§2!t)g(x3’§3:t)x
00
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XC(Qz'ﬁa)exp(;—?(xs ~-&; )}23452

_ vt x [ [xyug-o)P
uz(xs‘t)—zﬁ({ [v(t—t)]%vx( 4v(t-1) ]x

X[u(r)+U(0)-U(1)ldr
uy =0, uy =uzg (~dU/dt = f(£))

3. FLOW IN AN INFINITE TWO-SIDED CORNER

It is required to find a solution of Eq. (1.5), where uag = 0, u3g = 0 in the region 0 < x3, x3 < o0, 0 < ¢, which
satisfies the conditions

uy (x2,%3,0) ={(x9,%3), 0= xp,%3 <00
1 (0,x3,0)=0, u)(x5,0,0)=0, 0< xy,x3 <00, 0<¢

w (°°1°°9t) = U(‘)’ 0=t

The solution can be written in the form

wy(x0,%3,0= [ [ g(x9.8.0)8(x3,E3,00(E,E3)dE 5 +
00

+ 8(x2,87,t-1)g(x3,83,1 - ")idltidézdgadf

O ey
O ey §
=L ]

(dU/dt=—p~'9p/axy)

4. FLOW BETWEEN PARALLEL PLATES

We will consider a more general problem than that of the flow caused by the sudden motion of a solid boundary
relative to a different fixed boundary [3]: it is required to find the solution of Egs (1.1) in the region 0 < x; </,
0 < ¢, satisfying the conditions

uk(x3,0) = ck(X3 ), 0= X3 =/ U (O,t) = Mg (f), Uy (l,t) =M% (t), O0<rt, k= 1,2
Since p~dp/ax; = fi(¢), we have the solution [1]
] t
Uy (X3,t) = I G(“:}g;‘)xk (g)dg +I I G(x3’§'t - T)hk (51 T)d&dt +
0 00

L ITORE S TAHORING) (4.1)
where

xk@)=c<¢>—u.k(0)—%tuuw)—u.k(on

i1 (7) +S[duzk(1) _ dlllk(‘t)]
dr ) dt dt

hk(§,1)=fk(‘t)—{

o 2
G(x3,8.0) = 2 Y exp —(ﬂ) vt [sin 2253 sin"—ng—, k=12
et ! 1 !
The functions g, Jy, o, fi and the quantity / are known. The initial functions {;(x3) can be piecewise-continuous

and might not be matched to the boundary conditions [1] ({(0) # 1(0), &(D) # ux(0), k = 1, 2, so that the relations
apply in the case where the walls suddenly start to move). The vectors of the velocity of motion of the solid

boundaries {py;, pis}, {121, Moo} might, generally speaking, be non-collinear.
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Suppose that the fluid is initially at rest and moves as a result of the lower boundary instantaneously acquiring
a constant velocity U in its plane in the Ox, direction, and the upper boundary instantaneously acquiring a constant
velocity V in its plane in the Ox, direction. From (4.1) in this case we obtain

©0 2
u|(x3,t)=U( _x;) A — X Lex [ (ﬂ) vr]sin'mx3
! o I 1

Ld —_1\ 2
uz(x3,t)=V-—= 13 Y Z ( P[ (n_l‘n_) Vt:’sin n1;x3

n
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